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Abstract

In this work, we study inflation in a particular scalar-vector-tensor theory of gravitation without the

U(1) gauge symmetry. The model is constructed from the more general action introduced in Heisenberg

et al. (Phys Rev D 98:024038, 2018) using certain specific choices for the Lagrangians and the coupling

functions. Also, for this model we build the explicit form for the action, and from it, we derive the

general equations: the energy-momentum tensor and the equations of motion, and using the flat FLRW

background, we have analyzed if it’s possible to obtain an inflationary regime with it. Additionally, using

particular choices for the potential, the coupling functions, suitable dimensionless coupling constants and

initial conditions, it was possible verify numerically that this model of inflation is viable. In this sense,

we could verify that the introduction of the coupling function f(φ) in our model of inflation, allows us to

reach a suitable amount of e-foldings N for sufficient inflation. This is a remarkable result, since without

the coupling function contribution, the amount of e-foldings is smaller at the end of inflation, as has been

demonstrated in Heisenberg et al. (2018). Also, the no-ghosts and stability conditions that the model

during inflation must satisfy, i.e., absence of ghosts and Laplacian instabilities of linear cosmological

perturbations were obtained, furthermore these conditions were verified numerically too.

Keywords: Inflation; scalar-vector-tensor theories; Cosmology, No-ghosts and stability conditions; Linear

cosmological perturbations
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1 Introduction

The hypothesis of inflation is currently considered as a part of the standard modern cosmology. This

hypothesis was introduced in the early 1980’s to resolve some problems that the Hot Big Bang model of the

universe can’t explain (e.g., the horizon, the flatness, and the monopole problems, among others) [1, 2, 3, 4].

Moreover, the inflationary paradigm allows us to make predictions about properties of the current universe
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which are in excellent agreement with the cosmological and astrophysical observations (e.g., the temperature

fluctuations in CMB spectrum [5, 6, 27], the existence of large scale structures [8, 9, 10, 11], and the nearly

scale invariant primordial power spectrum [12, 13, 14]).

The origin or source of inflation is still now unknown. However, there are many proposals in the literature

to explain the inflationary regime. For example, models with a scalar field (the so called inflaton field)

minimally coupled to gravity and with a nearly flat potential have been considered [15, 16]. In general,

the inflaton field it can be considered non-minimally coupled to gravity too (via the Ricci scalar, the Ricci

tensor, the Gauss-Bonnet invariant, etc). In this sense, the resulting models are known as scalar-tensor

theories of gravitation. Others proposals include Einstein–aether, and Bimetric theories, as well as TeVeS,

f(R), general higher-order theories, Hořava–Lifschitz gravity, Galileons, Ghost Condensates, and models

of extra dimensions including Kaluza-Klein, Randall–Sundrum and DGP (see e.g. Refs. [17, 18, 19] for a

review). In addition, in recent years a considerable amount of works have been considered to model the

inflationary scenario using vector fields, e.g. the generalized Proca fields and extensions thereof, or several

Proca fields, as well as bigravity theories and scalar-vector-tensor (SVT) theories (for more details about

these topics see Ref. [20] and references therein). The SVT theories were introduced in Ref. [21] and them

constitute a consistent ghost-free covariant gravity theories with second order equations of motion with

derivative interactions. These SVT theories have important implications for cosmological and astrophysical

applications [22, 23, 24, 25, 26].

In this work we focused in study inflation in a particular SVT theory of gravitation without the U(1) gauge

symmetry. This model is constructed from the more general action presented in Ref. [23] using certain

specific choices for the Lagrangians and the coupling functions. Also, we derive the no-ghosts and stability

conditions that the model during inflation must satisfy, i.e. absence of ghosts and Laplacian instabilities of

linear cosmological perturbations.

This paper it is organized as follows: in section 2 we introduce the scalar-vector-tensor model of inflation,

and for this model we construct the explicit form for the action, from which, we derive the general equations:

the energy-momentum tensor and the equations of motion. In section 3, we write the general equations

obtained in section 2 for a concrete background (the flat FLRW background), and in this way, we verify if

it is possible to obtain an inflationary regime with this model. Also, in this section, using concrete choices

for the potential, the coupling functions, suitable dimensionless coupling constants and initial conditions,

we verify numerically if this model of inflation is viable. In section 4, the no-ghosts and stability conditions

that the model during inflation must satisfy, i.e., absence of ghosts and Laplacian instabilities of linear

cosmological perturbations, are obtained, moreover these conditions are verified numerically too. Finally,

some conclusions are exposed in section 5.
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2 The model

In this section, we shall present in brief some basic features of the SVT theories, and also, we derive the

general equations for the model under consideration.

The most general SVT model with broken U(1) gauge symmetry which is ghost-free, with second order

equations of motion and with derivative interactions is given by the action [23]

SSV T =

∫
d4x
√
−g

6∑
n=2

Ln, (2.1)

where the Lagrangians L2, . . . ,L6, are given by

L2 = f2(φ,X1, X2, X3, F, Y1, Y2, Y3),

L3 = f3(φ,X3)gµνSµν + f̃3(φ,X3)AµAνSµν ,

L4 = f4(φ,X3)R+ f4,X3
(φ,X3)[(∇µAµ)2 −∇µAν∇νAµ],

L5 = f5(φ,X3)Gµν∇µAν −
1

6
f5,X3

(φ,X3)[(∇µAµ)3 − 3∇µAµ∇ρAσ∇σAρ + 2∇ρAσ∇γAρ∇σAγ ]

+Mµν
5 ∇µ∇νφ+N µν

5 Sµν ,

L6 = f6(φ,X1)LµναβFµνFαβ +Mµναβ
6 ∇µ∇αφ∇ν∇βφ+ f̃6(φ,X3)LµναβFµνFαβ +N µναβ

6 SµαSνβ ,

(2.2)

This model was originally introduced in [21] and its cosmological implications were studied in [23]. Moreover,

in [22] the authors using this model with gauge-invariant derivative scalar-vector interactions and a non-

minimal coupling to gravity, to analyze the properties of black holes on a static and spherically symmetric

background. Also, in [24] the cosmology of SVT theories with parity invariance was studied, paying particular

attention to the application to dark energy. Finally, in [25] the gauge-ready formulation of cosmological

perturbations on the flat Friedmann-Lemǎitre-Robertson-Walker (FLRW) background was performed (taking

into account a matter perfect fluid).

In concrete, in this work we consider the following special case for the action given by Eq. (2.1)

S =

∫
d4x
√
−g(L2 + L4 + L5), (2.3)

where L2, L4 and L5 are construct considering the following particular choices for f2, f4, and f5 in Eq. (2.2):

f2 = F +X1 − V (φ) + βmMX2 + βAM
2X3,

f4 =
M2
pl

2
+ βGX3,

f5 = f(φ),

(2.4)

and X1 = − 1
2∇µφ∇

µφ, X2 = − 1
2A

µ∇µφ, X3 = − 1
2AµA

µ, F = − 1
4FµνF

µν , (Fµν = ∇µAν −∇νAµ), V (φ) is

a scalar potential, M is a constant having a dimension of mass, MPl is the reduced Planck mass, and βm,

βA, βG are dimensionless coupling constants. f(φ) is an arbitrary coupling function. The other quantities

and coupling functions that appear in Eq. (2.2) are defined in [23], but in our case they are taken to be 0. A
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model of inflation using f2 and f4 was analyzed in [23]. The introduction of the coupling function f5 = f(φ)

in our model induces a new mixing between the scalar field and the vector field via the Einstein tensor (in

addition to the term βmMX2 of f2). On the other hand, it could have significant implications onto the

dynamics of inflation. For example, the amount of e-foldings N obtained with the model introduced in [23]

is not sufficient in the end of inflation. In this way, with our model we will try to improve the amount of

e-foldings N , among others calculations. This analysis and others we will carry out in the next sections.

Now, from the above, the action given by Eq. (2.3) takes the following explicit form:

S =

∫
d4x
√
−g
[
M2

Pl

2
R− 1

4
FµνF

µν − 1

2
βAM

2AµA
µ − 1

2
∇µφ∇µφ− V (φ)− 1

2
βGAµA

µR+ βG[(∇µAµ)2

−∇µAν∇νAµ]− 1

2
βmMAµ∇µφ+ f(φ)Gµν∇µAν

]
,

(2.5)

However, taking into account the identity∫
d4x
√
−g
[
(∇µAµ)2 −∇µAν∇νAµ

]
=

∫
d4x
√
−gRµνAµAν , (2.6)

the action Eq. (2.5) is reduced to

S =

∫
d4x
√
−g
[
M2

Pl

2
R− 1

2
∇µφ∇µφ− V (φ)− 1

4
FµνF

µν − 1

2
βAM

2AµA
µ − 1

2
βmMAµ∇µφ

+
(
βGA

µAν + f(φ)∇µAν
)
Gµν

]
,

(2.7)

where Gµν = Rµν − 1
2Rgµν is the Einstein tensor. We can see in Eq. (2.7) that the action S can be

written as S = SHE +Sφ+SA+SφA, where SHE stands the Hilbert–Einstein action, Sφ represents the pure

scalar field sector of the action, SA includes the pure vector field sector and a term coupled to the Einstein

tensor. SφA denotes the sector which include the coupling between the scalar field φ and the vector field

Aµ (via derivative scalar-vector interactions) along with a term coupled to the Einstein tensor too. From

this last sector, we will hope obtain new contributions to the background equations that allow us study the

inflationary paradigm.

Since we have a explicit form for the action, Eq. (2.7), then in this paper we will employ the usual algorithm

to obtain the general equations of motion, which is different to that used in [23], however, the results are

equivalent.

The variation of the action Eq. (2.7) with respect to the metric tensor gµν gives the field equations

Rµν −
1

2
Rgµν = 8πGTµν , (2.8)

where Tµν is the energy–momentum tensor which is constructed from Sφ + SA + SφA, and has the following

form:

Tµν = − 2√
−g

δS

δgµν
:= T (φ)

µν + T (A)
µν + T (Aφ)

µν , (2.9)
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Each term is given by the following expressions:

T (φ)
µν = ∇µφ∇νφ− gµν

(
1

2
∇αφ∇αφ+ V (φ)

)
, (2.10)

T (A)
µν = FµαF

α
ν + βAM

2AµAν + βG

(
RµνAαA

α − 4G(µαAν)A
α −RAµAν + 2∇α∇(µ

(
Aν)A

α
)
−� (AµAν)

−∇µ∇ν (AαA
α)
)
− gµν

[
1

4
FαβF

αβ +
1

2
βAM

2AαA
α + βG

(
∇α∇β

(
AβAα

)
−� (AαA

α)−GαβAαAβ
)]
,

(2.11)

T (Aφ)
µν = βmMA(µ∇ν)φ+ f(φ)

[
Rµν∇αAα −R∇(µAν) − 2G(µα∇ν)Aα

]
+ 2G(µαAν)∇αf(φ)

−∇α
[
f(φ)GµνA

α
]
−∇µ∇ν

[
f(φ)∇αAα

]
+∇α∇(µ

[
f(φ)∇αAν)

]
+∇α∇(µ

[
f(φ)∇ν)Aα

]
−�

[
f(φ)∇(µAν)

]
− gµν

[
1

2
βmMAα∇αφ− f(φ)Gαβ∇αAβ +∇α∇β

[
f(φ)∇βAα

]
−� [f(φ)∇αAα]

]
.

(2.12)

On the other hand, the variation of the action with respect to φ gives the equation of motion,

�φ− V,φ +
1

2
βmM∇µAµ +Gµν∇µAνf,φ = 0, (2.13)

where f,φ denotes derivative of f with respect to φ. In a similar way, the equation of motion for the vector

field is given by

∇νFµν +
1

2
βmM∇µφ+ βAM

2Aµ −
(

2βGA
ν −∇νf(φ)

)
Gµν = 0. (2.14)

3 Inflation in a SVT theory

In this section we use the general equations obtained above in a concrete background and in this way we

will see if possible to obtain a inflationary regime with this model. The usual choice for the background is

given by the flat Friedmann-Robertson-Walker (FRW) metric whose line element has the following form

ds2 = −dt2 + a2(t)δijdx
idxj , (3.1)

where a(t) is the scale factor. In order to guarantee the homogeneity and isotropy of the universe, in the

next calculations, we will regard that the vector field is without spatial components, i.e.

Aµ(t) = (A0(t), 0, 0, 0), (3.2)

and the scalar field is time dependent only, φ = φ(t). Thereby, using the FRW metric and the vector and

scalar fields defined previously, the Einstein’s equations Eq. (2.8) and the equations of motion Eqs. (2.13)

and (2.14) are reduced to

3M2
PlH

2 =
1

2
φ̇2 + V (φ) +

1

2
βAM

2A2
0 + 9βGH

2A2
0 +

1

2
βmMA0φ̇− 9H2A0φ̇f,φ, (3.3)

−
(
2Ḣ + 3H2

)
M2

Pl =
1

2
φ̇2 − V (φ) +

1

2
βAM

2A2
0 − 3βGH

2A2
0 − 4βGHA0Ȧ0 − 2βGḢA

2
0 +

1

2
βmMA0φ̇

+ 3H2A0φ̇f,φ + 2HȦ0φ̇f,φ + 2ḢA0φ̇f,φ + 2HA0φ̈f,φ + 2HA0φ̇
2f,φφ,

(3.4)
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φ̈+ 3Hφ̇+ V,φ +
1

2
βmM

(
Ȧ0 + 3HA0

)
− 3H

(
3H2A0 +HȦ0 + 2ḢA0

)
f,φ = 0, (3.5)

1

2
βmMφ̇+ βAM

2A0 + 3H2
(

2βGA0 − φ̇f,φ
)

= 0. (3.6)

It is clear that the introduction of the coupling function f(φ) in our model gives rise to new and important

terms in the background equations (although they are more complicated). Additionally, making suitable

choices for V (φ), f(φ), the dimensionless coupling constants βm, βA, βG and appropriated initial conditions,

is possible in principle, to obtain a viable inflationary regime with this model.

Now, from Eq. (3.6), we can to write the temporal vector component A0 as

A0 =
−βmM + 6H2f,φ

2(βAM2 + 6βGH2)
φ̇, (3.7)

Is evident from Eq. (3.7) that there is a direct explicit relation between the temporal vector component A0

and φ̇, and an implicit relation with φ (through of the coupling function f(φ)). Therefore, in this case we

can say that the dynamics of inflation is driven by the scalar field φ and its derivative φ̇. If we consider that

f,φ =
∂f

∂φ
=
βmM

6H2
, (3.8)

then A0 = 0 and the model corresponds to that with a single scalar field (inflaton) minimally coupled to

gravity, i.e. the action Eq. (2.7) it reduces to SHE + Sφ, which has been widely studied in the literature.

Now, considering a pure de Sitter expansion for the inflationary stage, we can found the coupling function

f(φ) integrating Eq. (3.8) (since H is constant in this case)

f(φ) =
βmM

6H2
φ+ C, (3.9)

where C is an integration constant.

In order to analyze the inflationary regime with the background Eqs. (3.3)-(3.6), we consider the slow-roll

parameters defined as

ε ≡ − Ḣ

H2
, εV ≡

M2
Pl

2

(
V,φ
V

)2

, η ≡ φ̈

Hφ̇
, (3.10)

additionally, during the inflationary phase these slow-roll parameters must satisfy the restriction |ε| � 1,

|εV | � 1 and |η| � 1 [27]. Besides, in our case we define the following slow-roll parameters

|δ1| ≡

∣∣∣∣∣A0φ̈f,φ
H

∣∣∣∣∣� 1, |δ2| ≡

∣∣∣∣∣A0φ̇
2f,φφ
H

∣∣∣∣∣� 1. (3.11)

Replacing Eq. (3.7) and its time derivative into Eq. (3.4) and using Eq. (3.3) to eliminate V , the slow-roll

parameter ε takes the form

ε =
{
φ̇2(βAM

2 + 6βGH
2)
[
βAM

4(4βA − β2
m) + 2H

(
M2(24βAβG − βGβ2

m(3 + 2η) + 2MβAβm(3− 2η)f,φH

+ 6(12β2
G +Mf,φ(6βGβm + βAM(4η − 3)f,φ)H3 + 36βG(2η − 3)f2,φH

5 + 2(−βAβmM3 + 12f,φ(M2βAH
2

+ 3βGH
4))f,φφφ̇

)]}
/
{
H2
[
8M2

Pl(βAM
2 + 6βGH

2)3 + 2
(
−M4βAβm(βGβm + 2MβAf,φ) + 18M2(β2

Gβ
2
m

+ 2MβAf,φ(βGβm +MβAf,φ))H2 + 108M2βAβGf
2
,φH

4 + 216β2
Gf

2
,φH

6
)
φ̇2
]}
,

(3.12)
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where we have used the slow-roll parameter η to eliminate φ̈, and f,φφ depicts the second derivative of f

with respect to φ.

Now, considering in Eqs. (3.5) and (3.7) the slow-low parameters given by Eqs. (3.10) and (3.11) in an

inflationary regime, then we can obtain an approximate expression for φ̇

φ̇ ≈ 4V,φ(M2βA + 6βGH
2)

3H
[
M2(β2

m − 4βA)− 12(2βG +Mβmf,φ)H2 + 36f2,φH
4
] , (3.13)

For f(φ) = 0 the Eqs. (3.12) and (3.13) it reduces to those obtained in [23]. For suitable values of the

dimensionless coupling constants βm, βA, βG and some specific choices for the coupling function f(φ), we

can assume that the scalar potential V dominates over the other terms on the right-hand side of Eq. (3.3)

during slow-roll inflation. This assumption has sense, since all terms on the right-hand side of Eq. (3.3)

(apart of V ) are proportional to φ̇2 (after of replacing A0 by Eq. (3.7)) and as is well known, in the

inflationary regime φ̇2 � V . In this way the Eq. (3.3) it’s reduces to

3M2
PlH

2 ≈ V (φ), (3.14)

Replacing the last equation and Eq. (3.13) into Eq. (3.12), and neglecting the slow-roll parameters η and

εV relative to 1 in the end. Thereby we get

ε ≈ εV

(
1 +

β2
mM

2M4
Pl − 4MM2

Plβmf,φV + 4f2,φV
2

4βAM2M4
Pl + 4M2

Pl(2βG + βmMf,φ)V − 4f2,φV
2

)
, (3.15)

where in the last step, we have considered that |βm| � 1. Additionally, making βm = 0 and f(φ) = 0 in

Eq. (3.15), we have ε ≈ εV which corresponds to standard slow-roll inflation. We see that, the insertion

of a mixing between φ̇ and A0 in our model could have important consequences in the evolution of the

inflationary parameters, e.g., φ̇, A0, the number of e-foldings N , among others.

In order to verify if the above considerations are correct, we will solve numerically the general background

equations obtained before. To do this, we replace Eq. (3.7) (and its temporal derivative) in Eqs. (3.3) and

(3.5), and in this way the Eqs. (3.3) and (3.5) are in terms of the scalar field φ and H. Moreover, taking

into account appropriated choices for the scalar potential V (φ) and the coupling function f(φ), for example

V (φ) =
M2M2

Pl

2α2
c

(
1− e−αcφ/MPl

)2
, (3.16)

where αc is a positive constant. This potential corresponds to the so-called α-attractor model [28]. And, for

the coupling function f(φ), in this work we will consider two choices:

f(φ) =
ω

φn
and f(φ) = ξe−λφ/MPl , (3.17)

where in first coupling function, ω is an arbitrary parameter with dimension of Mn (n ∈ Z) and it is type

power-law coupling function, which has been widely studied in the literature (see [29]). In the second one,

ξ and λ are arbitrary dimensionless parameters. This type of exponential coupling function has been used
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in the literature too (see [30] and [31]). Using the expressions given by Eq. (3.16) and the first coupling

function in Eq. (3.17), appropriated choices for the dimensionless coupling constants βm, βA, βG and along

with appropriated initial conditions, we can check numerically if the proposed model is viable to describes

inflation.

In Fig. 1 we can see the evolution of φ̇ and A0 during inflation and reheating, and from it, is clear that

φ̇ and A0 display a slow evolution during inflation, which is a fundamental condition that must fulfill the

fields in the inflationary regime. Also, we can see in Fig. 2 that the ratio A0/φ̇ obtained from Eq. (3.7), is

nearly constant during inflation (i.e. for Mt . 130), since H and f,φ are nearly constant during this stage.

Moreover, in Fig. 1 we can see that the fields decay faster during reheating, but the ratio A0/φ̇ is not nearly

constant (see Fig. 2 ).

In Fig. 3 we have plotted the evolution of the number of e-foldings N and we see that for appropriate

values of the model parameters and initial conditions used here, it is possible to obtain a suitable amount

of e-foldings (N & 60) for sufficient inflation. In this case, N ≈ 63 (for ω = 1M4) at the end of inflation.

In general, inflation end when the slow-roll parameters leave of be much smaller than 1 and in our case this

happens from Mt ≈ 130 (see Fig. 7).

Using the second coupling function, in Fig. 4, we can see a similar behavior during inflation to the shown in

Fig. 1, but during reheating the fields oscillate and the amplitude of A0 decreases faster than the amplitude

of φ̇. Furthermore, we can see in Fig. 5 that the ratio A0/φ̇ during inflation is not nearly constant, but its

variation is small in this phase. Additionally, in Fig. 6 is clear that for this second choice of the coupling

function, we get a higher amount of e-foldings than obtained using the first coupling function. In this case,

N ≈ 64 (for ξ = 4.5) at the end of inflation. These results it can explain taking into account that in both

cases A0 decay faster than φ̇ during inflation (see Figs. 1 and 4). Therefore, from the above numerical

analysis, we can say that the introduction of the coupling function f(φ) in our model of inflation, allows

us to reach a suitable amount of e-foldings N for sufficient inflation. This result in very important, since

without the coupling function contribution, the amount of e-foldings is smaller at the end of inflation. This

result can be seen in Fig. 1 of [23]. Finally, in Fig. 7 we plotted the evolution of the new slow-roll parameters

δ1 and δ2 which are defined by Eq. (3.11), is clear that this parameters satisfy the conditions |δ1| � 1 and

|δ2| � 1 during inflation. If we consider the first coupling function given by Eq. (3.17), a similar behavior

is observed.

Now, in order to verify whether the numerical inflationary solution obtained above is an attractor solution

or not, we carry out an analysis on the phase-space. In this ways, in Fig 8 we show the phase-space diagram

with various initial conditions and we see that the phase-space flow converge in distinct points depending

on initial conditions. This observed pattern is related to the form of the potential, since it is approximately

constant during inflation (flat potential) and it preserves its form under the translation φ → φ + const.

Therefore, we can say that the solution used here is independent of initial conditions (i.e. an attractor

solution).
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Figure 1: Evolution of φ̇ and A0 (normalized by MMPl and MPl, respectively) during inflation and reheating.

For this numerical simulation, we have used the potential given by Eq. (3.16) with αc =
√

6/3 (i.e., standard

Starobinsky inflation) and the first coupling function given by Eq. (3.17) with n = 4, ω = 1M4. Moreover,

βm = 0.08, βA = 1, βG = 0.3 and the initial conditions φ(0) = 5.5MPl, φ̇(0) = −9 × 10−3MMPl and

H(0) = 0.494407M , which is consistent with Eqs. (3.3) and (3.7).
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Figure 2: Evolution of A0/φ̇ using the potential and the first coupling function given by Eqs. (3.16) and

(3.17). In this numerical simulation the values of model parameters and initial conditions are the same as

those used in Fig. 1.
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Figure 3: Evolution of the number of e-foldings N using the potential and the first coupling function given

by Eqs. (3.16) and (3.17). In this numerical simulation the values of model parameters and initial conditions

are the same as those used in Fig. 1.
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Figure 4: Evolution of φ̇ and A0 (normalized by MMPl and MPl, respectively) during inflation and reheating.

For this numerical simulation, we have used the potential given by Eq. (3.16) with αc =
√

6/3 (i.e., standard

Starobinsky inflation) and the second coupling function given by Eq. (3.17) with ξ = 4.5, λ = 1. Additionally,

βm = 0.08, βA = 1, βG = 0.01 and the initial conditions φ(0) = 5.5MPl, φ̇(0) = −9 × 10−3MMPl and

H(0) = 0.132553M , which is consistent with Eqs. (3.3) and (3.7).
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Figure 5: Evolution of A0/φ̇ for the potential and the second coupling function given by Eqs. (3.16) and

(3.17). In this numerical simulation the values of model parameters and initial conditions are the same as

those used in Fig. 4.
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Figure 6: Evolution of the number of e-foldings N for the potential and the second coupling function given

by Eqs. (3.16) and (3.17). In this numerical simulation the values of model parameters and initial conditions

are the same as those used in Fig. 4.
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Figure 7: Evolution of slow-roll parameters δ1 and δ2 during inflation. In this numerical simulation we have

used the potential, the coupling function, the values of model parameters and initial conditions as those used

in Fig. 4.

4 No-ghosts and stability conditions

In this section, we exhibit the no-ghosts and stability conditions that our model during inflation must

satisfy, i.e., absence of ghosts and Laplacian instabilities of linear cosmological perturbations. Since the

general expressions associated to this analysis are very complicated, in our case, this conditions will be

verified numerically taking into account particular choices for the model parameters, the potential V (φ), the

coupling functions f(φ) and the initial conditions used in the previous section. For this task, we will use

the general expressions for tensor, vector and scalar perturbations obtained in [23]. In this way and in order

to have a self-contained document, in the next sections we reproduce literally the more important results

associated with the general perturbation analysis which was performed in the sections III, IV and V of [23],

and then we apply this general formalism to the present model.

4.1 Tensor perturbations

To start this analysis, it is consider the linearly perturbed line element of intrinsic tensor modes, which is

given by

ds2t = −dt2 + a2(t)(δij + hij)dx
idxj , (4.1)

where the tensor perturbation hij obeys the usual transverse and traceless conditions ∇jhij = 0 and hii = 0.

Expanding the action (2.1) up to quadratic order in hij and integrating it by parts, the second-order action
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Figure 8: Phase-space structure for the inflationary solution. In this numerical simulation we have used the

potential, the coupling function, the values of model parameters as those used in Fig. 4, and various initial

conditions for φ were used.
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of tensor perturbations yields

S
(2)
t =

∫
dtd3x

a3qt
8
δikδjl

[
ḣij ḣkl −

c2t
a2

(∂hij)(∂hkl)

]
, (4.2)

where the symbol ∂ represents the spatial partial derivative and qt and c2t are given by Eqs. (3.3) and (3.4)

of [23]. For the model under consideration, the associated quantities for tensor perturbations qt and c2t , are

given by

qt =M2
Pl −

(βmM − 6f,φH
2)(MβGβm + 2f,φ(βAM

2 + 3βGH
2))φ̇2

4(βAM2 + 6βGH2)2
, (4.3)

c2t = 1 +
2(βmM − 6f,φH

2)(MβGβm + 2f,φ(βAM
2 + 3βGH

2))φ̇2

4M2
Pl(βAM

2 + 6βGH2)2 − (βmM − 6f,φH2)(MβGβm + 2f,φ(βAM2 + 3βGH2))φ̇2
, (4.4)

where ct represent the propagation speed of gravitational waves on the FLRW background and Eq. (3.7)

was used to express A0 in terms of φ̇. Furthermore, to guarantee the lack of ghost or Laplacian instabilities

in the tensor sector, it must be fulfilled that qt > 0 and c2t > 0.

4.2 Vector perturbations

For perturbations in the vector sector, it’s used the perturbed line element in the flat gauge:

ds2v = −dt2 + 2Vidtdx
i + a2(t)δijdx

idxj , (4.5)

where Vi is the vector perturbation obeying the transverse condition ∇iVi = 0. The temporal and spatial

components of Aµ associated with the intrinsic vector sector are expressed as

A0 = A0(t), Ai = Zi(t, x
i), (4.6)

where Zi is the intrinsic vector perturbation which satisfies the transverse condition ∂iZi = 0. Expanding

Eq. (2.1) up to quadratic order in perturbations and using the background Eqs. (2.13) and (2.16) of [23],

the resulting second-order action in the vector sector yields

S(2)
v =

∫
dtd3x

2∑
i=1

[aqv
2
Ż2
i −

1

2a
α1(∂Zi)

2 − a

2
α2Z

2
i +

1

2a
α3(∂Vi)(∂Zi) +

qt
4a

(∂Vi)
2
]
, (4.7)

where qv, α1, α2 and α3 are given by Eqs. (4.4)-(4.7) of [23]. In our case, we get

qv = 1,

α1 = 1,

α2 = βAM
2 + 4βGḢ + 6βGH

2,

α3 = −2βGA0 + φ̇f,φ,

(4.8)
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and qt is defined by Eq. (4.3).

Varying the second-order action (4.7) with respect to Vi, we obtain the constraint equation:

∂2(α3Zi + qtVi) = 0, (4.9)

from this equation it is evident that Vi = −α3Zi/qt (taking the integration constant as 0). Replacing this

relation into Eq. (4.7), we obtain

S(2)
v =

∫
dtd3x

2∑
i=1

aqv
2

[
Ż2
i −

c2v
a2

(∂Zi)
2 − α2

qv
Z2
i

]
, (4.10)

where

c2v =
2α1qt + α2

3

2qtqv
, (4.11)

and replacing the Eqs. (4.3) and (4.8), we obtain

c2v =1 +
2M2(βGβm +MβAf,φ)2φ̇2

4M2
Pl(βAM

2 + 6βGH2)2 − (βmM − 6f,φH2)(MβGβm + 2f,φ(βAM2 + 3βGH2))φ̇2
. (4.12)

Newly, it must be fulfilled that qv > 0 and c2v > 0 to guarantee the lack of ghost or Laplacian instabilities of

vector perturbations. From Eq. (4.8), is evident that the first condition is satisfied.

4.3 Scalar perturbations

For scalar perturbations, the perturbed line element in the flat gauge:

ds2s = −(1 + 2α)dt2 + 2∂iχdtdx
i + a2(t)δijdx

idxj , (4.13)

is considered, where α and χ are scalar metric perturbations. The components of the vector field it can write

in the form

A0 = −A0(t) + δA, Ai = ∂iψ, (4.14)

where δA is the perturbation of the temporal vector component A0, and ψ is the longitudinal scalar pertur-

bation. The scalar field φ is decomposed into the background and perturbed parts as

φ = φ0(t) + δφ. (4.15)

Expanding the action (2.1) up to quadratic order in scalar perturbations α, χ, δA, ψ and δφ. In doing so, we

use the background Eqs. (2.13) and (2.16) of [23] to eliminate the terms f2 and f3,φ. Then, the second-order

action for scalar perturbations can be expressed as

S(2)
s =

∫
dtd3x(Lφs + LGPs ), (4.16)

where

Lφs =a3
[
D1

˙δφ
2

+D2
(∂δφ)2

a2
+D3δφ

2 +
(
D4

˙δφ+D5δφ+D6
∂2δφ

a2

)
α− (D6

˙δφ−D7δφ)
∂2χ

a2

+ (D8
˙δφ+D9δφ)δA+D10δφ

∂2ψ

a2

]
,

(4.17)
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and

LGPs =a3
[(
w1α− w2

δA

A0

)∂2χ
a2
− w3

(∂α)2

a2
+ w4α

2 −
(
w3
∂2δA

a2A0
− w8

δA

A0
+ w3

∂2ψ̇

a2A0
+ w6

∂2ψ

a2

)
α

− w3
(∂δA)2

4a2A2
0

+ w5
δA2

A2
0

+ {w3ψ̇ − (w2 −A0w6)ψ} ∂
2δA

2a2A2
0

− w3
(∂ψ̇)2

4a2A2
0

+ w7
(∂ψ)2

2a2

]
,

(4.18)

where GP means Generalized Proca thaories and the coefficients D1,...,10 and w1,...,8 were defined in the

appendix of [23]. In our case, these coefficients are given by

D1 =
1

2
,

D2 = −1

2
,

D3 =
9

2
H3A0f,φφ +

1

2
V,φφ,

D4 = −φ̇+ 3H2A0f,φ +
1

2
βmMA0,

D5 = 3H2φ̇A0f,φφ − V,φ,

D6 = −2HA0f,φ,

D7 = −3H2φ̇A0f,φ + 2Hφ̇A0f,φφ + φ̇+
1

2
βmMA0,

D8 = −2φ̇D1 +D4 + 3HD6

A0
,

D9 = −D5

A0
+ 6H2φ̇f,φφ −

V,φ
A0

,

D10 = −2Ḣf,φ − 3H2f,φ +
1

2
βmM

(4.19)

and
w1 = −2Hφ̇A0f,φ − 2HM2

Pl − 2βGHA
2
0,

w2 = w1 + 2Hqt − φ̇D6,

w3 = −2A2
0qv,

w4 = −3H2M2
Pl + 3H2βGA

2
0 +

3

2
H2φ̇A0f,φ +

1

2
φ̇2 − 3

4
βmMφ̇A0,

w5 = w4 −
3H(w1 + w2)

2
− 1

2
φ̇2 +

1

2
βmMφ̇A0,

w6 = −2w1 − w2 − 2φ̇D6 + 4HM2
Pl + 4βGHA

2
0

A0
,

w7 = −4βGḢ −
3H2φ̇f,φ
A0

+
βmMφ̇

2A0
,

w8 = 3Hw1 − 2w4 + φ̇D4.

(4.20)

From Eqs. (4.17) and (4.18) it is clear that the fields α, χ and δA are nondynamical. Therefore, varying the

action (4.16) with respect to α, χ and δA, we obtain the three constraint equations in Fourier space:

D4
˙δφ+D5δφ+ 2w4α+ w8

δA

A0
+
k2

a2

(
w3

ψ̇

A0
+ w6ψ −D6δφ− 2w3α− w1χ+ w3

δA

A0

)
= 0, (4.21)
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D6
˙δφ−D7δφ− w1α+ w2

δA

A0
= 0, (4.22)

D8
˙δφ+D9δφ+ w8

α

A0
+ 2w5

δA

A2
0

− k2

a2
1

A0

(w3

2

ψ̇

A0
+
A0w6 − w2

2

ψ

A0
− w3α− w2χ+

w3

2

δA

A0

)
= 0, (4.23)

we solve Eqs. (4.21)-(4.23) for α, χ and δA, and eliminate these variables from the action (4.16). Then, the

second-order action of scalar perturbations can be expressed in the form

S(2)
v =

∫
dtd3xa3

(
~̇χtK~̇χ− k2

a2
~χtG~χ− ~χtM~χ− ~χtB~̇χ

)
, (4.24)

where K, G, M and B are 2× 2 matrices, and ~χ is defined by

~χt = (ψ, δφ). (4.25)

In the small-scale limit, the leading-order contributions to the matrix M do not contain the k2 terms. We

shift the k2 terms appearing in B to the matrix components of G after integrating them by parts. For

k →∞, the components of K and G are given, respectively, by

K11 =
w2

1w5 + w2
2w4 + w1w2w8

A2
0(w1 − 2w2)2

,

K22 = D1 +
D6

w1 − 2w2

(
D4 +

w4 + 4w5 + 2w8

w1 − 2w2
D6 + 2A0D8

)
,

K12 = K21 = − 1

2A0(w1 − 2w2)

[
w2D4 +

w1(4w5 + w8) + 2w2(w4 + w8)

w1 − 2w2
D6 +A0w1D8

]
,

(4.26)

and

G11 = Ė1 +HE1 −
4A2

0

w3
E2

1 −
w7

2
,

G22 = Ė2 +HE2 −
2A0

w2
D7E3 −

4A2
0

w3
E2

3 −D2,

G12 = G21 = Ė3 +HE3 −
4A2

0

w3
E1E3 +

w2

2A0(w1 − 2w2)
D7 +

D10

2
,

(4.27)

where E1, E2 and E3 are defined as

E1 =
w6

4A0
− w1w2

4A2
0(w1 − 2w2)

,

E2 = − D2
6

2(w1 − 2w2)
,

E3 =
w2D6

2A0(w1 − 2w2)
.

(4.28)

In our case, the explicit form for the components Eqs. (4.26) and (4.27) are obtained replacing D1,...,10 and

w1,...,8 given by Eqs. (4.19) and (4.20), but the resulting expressions are too long to be written here.

In order to ensure the absence of scalar ghosts, the kinetic matrix K must be positive definite. In other

words, the determinants of principal submatrices of K need to be positive. Thus, we require the following

two no-ghost conditions:

K11 > 0 or K22 > 0, (4.29)

20



qs ≡ K11K22 −K2
12. (4.30)

In the small-scale limit, the dispersion relation following from the action (4.24) with frequency ω is given by

det

(
ω2K− k2

a2
G

)
= 0, (4.31)

Introducing the scalar sound speed cs as ω2 = c2sk
2/a2, the above dispersion relation leads to the two scalar

propagation speed squares:

c2s1 =
K11G22 +K22G11 − 2K12G12 +

√
(K11G22 +K22G11 − 2K12G12)2 − 4(K11K22 −K2

12)(G11G22 −G2
12)

2(K11K22 −K2
12)

,

(4.32)

c2s2 =
K11G22 +K22G11 − 2K12G12 −

√
(K11G22 +K22G11 − 2K12G12)2 − 4(K11K22 −K2

12)(G11G22 −G2
12)

2(K11K22 −K2
12)

.

(4.33)

For the absence of Laplacian instabilities, we require that

c2s1 > 0, c2s2 > 0. (4.34)

In order for the system to be completely stable against ghosts and Laplacian instabilities, all the dynamical

degrees of freedom must simultaneously satisfy both of the conditions of no-ghosts and positive squared sound

speeds, however the expressions obtained here for qt, c
2
t , qv, c

2
v, K22, qs, c

2
s1 c

2
s2 are in terms of complicated

combinations, which include several model parameters and other quantities as H, f,φ and the field φ and its

derivative, then is not easy to write explicit no-ghosts and stability conditions. Therefore, in this work we

will verify numerically these conditions taking into account particular choices for the model parameters, the

potential V (φ), the coupling functions f(φ) and the initial conditions used in the previous section. Thereby,

in Figs. 9, 10, 11, 12, 13 and 14 we can see that for our model the no-ghosts and stability conditions

during inflation are satisfied, i.e. there are no ghosts and Laplacian instabilities of tensor, vector, and scalar

perturbations. In Figs. 10 and 13 we observe that the given quantities are nearly 1 during inflation (in this

work, we have used the natural units in which the speed of light c is equivalent to 1) and in Fig. 11 and 14

we see that K22 is about 1/2 during inflation. However, at the end of inflation these figures show a large

deviation which is induced by the time variation of φ (besides, in Fig. 1 we can see that φ̇ reaches a minimum

around the end of inflation). This same behavior is observed in Fig. 4 too. Moreover, in this context, the

general condition is that these quantities must be positive to guarantee the absence of instabilities within the

model, since in this regimen (inflation), until now, there are no constraints imposed by the observations in

early times, like those imposed by the gravitational waves in late times, z < 0.09, (the speed of gravitational

waves ct is the same as the speed of light, which places tight constraints on dark energy models constructed

in the framework of modified gravitational theories). In this sense, this restriction does not apply to high

redshift values (inflation), thus, the model (scalar–vector-tensor theories) under consideration in this work
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Figure 9: Evolution of qt, qv and qs during inflation. In this numerical simulation we have used the potential,

the second coupling function, the values of model parameters and initial conditions as those used in Fig. 4

could be used in an inflationary context. Finally, from the above, we can say that using the second coupling

function we obtain better results than those obtained using the first coupling function (since in Fig. 13 the

exponential growth of c2v and c2s1 after inflation could be problematic).

5 Conclusions

In this work, we have studied inflation in a particular scalar-vector-tensor theory of gravitation without the

U(1) gauge symmetry. This model was constructed from the more general action given by Eqs. (2.1) and

(2.2) using certain specific choices for the Lagrangians and the coupling functions (see Eq. (2.4)). From this

model, we obtained the general background equations of motion on the flat FLRW spacetime and using con-

crete choices for the potential (see Eq. (3.16)), the coupling functions (see Eq. (3.17)), suitable dimensionless

coupling constants and initial conditions, was possible to verify numerically that this model of inflation is

viable. In this way, in Fig. 1 we plotted the evolution of φ̇ and A0 during inflation and reheating, and from

it, is clear that φ̇ and A0 display a slow evolution during inflation. Further, the fields decay faster during

reheating. In Fig. 3 the evolution of the number of e-foldings N was plotted and we see that in this case,

it is possible to obtain a suitable amount of e-foldings (N & 60) for sufficient inflation. Moreover, N ≈ 63

(for ω = 1M4) at the end of inflation. Using the second coupling function, in Fig. 4, we can see a similar

behavior during inflation to the shown in Fig. 1, but during reheating the fields oscillate and the amplitude

of A0 decreases faster than the amplitude of φ̇. Furthermore, in Fig. 6 is clear that for the second choice of
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Figure 10: Evolution of c2t , c
2
v, c

2
s1 and c2s2 during inflation. In this numerical simulation we have used the

potential, the second coupling function, the values of model parameters and initial conditions as those used

in Fig. 4

the coupling function (see Eq. (3.17)), we got a similar amount of e-foldings as that obtained using the first

coupling function. In this case, N ≈ 64 (for ξ = 4.5) at the end of inflation. Therefore, we can say that the

introduction of the coupling function f(φ) in our model of inflation, allows us to reach a suitable amount

of e-foldings N for sufficient inflation. This is a remarkable result, since without the coupling function con-

tribution, the amount of e-foldings is smaller at the end of inflation, as has been demonstrated in [23]. In

Fig. 7 we plotted the evolution of the new slow-roll parameters δ1 and δ2 which are defined by Eq. (3.11)

and from it, is evident that the slow-roll parameter parameters satisfy the conditions |δ1| � 1 and |δ2| � 1

during inflation. Also, we have shown that the numerical inflationary solution obtained here is an attractor

solution (see Fig 8). Finally, the no-ghosts and stability conditions that the model during inflation must

satisfy, i.e., absence of ghosts and Laplacian instabilities of linear cosmological perturbations were obtained.

For do this, the general expressions for tensor, vector and scalar perturbations obtained in [23] were used,

reproducing literally the main results associated with the general stability analysis which was performed in

the sections III, IV and V of [23], and then we applied this general formalism to our model. In this sense,

the main expressions which must be positive to guarantee absence of ghosts and Laplacian instabilities were

obtained, and them are: qt, c
2
t , qv, c

2
v, K22, qs, c

2
s1 c

2
s2 (see Eqs. (4.3), (4.4), (4.8), (4.12), (4.29), (4.30),

(4.32) and (4.33)). Additionally, the positivity condition which these quantities must be satisfied were veri-

fied numerically too (see Figs. 9-14).

We must emphasize that the main goal of this work was devoted to the demonstration of a viable model of
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Figure 11: Evolution of the component K22 during inflation. In this numerical simulation we have used the

potential, the second coupling function, the values of model parameters and initial conditions as those used

in Fig. 4
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Figure 12: Evolution of qt, qv and qs during inflation. In this numerical simulation we have used the potential,

the first coupling function, the values of model parameters and initial conditions as those used in Fig. 1
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Figure 13: Evolution of c2t , c
2
v, c
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s1 and c2s2 during inflation. In this numerical simulation we have used the

potential, the first coupling function, the values of model parameters and initial conditions as those used in

Fig. 1

inflation that was healthy at the theoretical level, which was successfully achieved. Phenomenological con-

sequences of this pathology-free model is therefore of interest for further studies. The observational bounds

on the scalar spectral index and the tensor-to-scalar ratio can constrain/falsify this model, but that kind of

analysis is beyond the scope of this work and could be addressed later.
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